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The McLerran-Venugopalan (MV) model is a Gaussian effective theory of color charge fluctuations
at small-x in the limit of large valence charge density, i.e., a large nucleus made of uncorrelated color
charges. In this work, we explore the effects of the first non-trivial (even C-parity) non-Gaussian
correction on the color charge density to the MV model in SU(2) and SU(3) color group in the
non-perturbative regime. We compare our results to existing perturbative ones. We found that
non-Gaussian correction in the correlator of four-color charges is ∼ 10% (∼ 18%) for SU(3) (SU(2))
color group independent of strong coupling constant g for any system size in the continuum limit.
This universality indicates that higher-order corrections to the MV model affect any system as long
as it has a finite number of color sources, e.g., from protons to large nuclei.
PACS numbers:
Keywords: High energy collisions, Color Glass Condensate, non-Gaussian action, non-perturbative calcula-
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I. INTRODUCTION
As dynamic emission of soft gluons (over-)populates the phase space at high energies, hadrons may be described
as a classical system. Such description is provided by the Color Glass Condensate (CGC) effective field theory [1, 2],
where calculations rely on a scale separation: large-x (“valence”) partons act as a randomly distributed static color
sources ρ that generate the dynamical, short-lived, small-x gluons. Due to the stochastic nature of the color charges,
the resulting small-x field, obtained by solving Classical Yang-Mills equations for a particular source configuration,
must be averaged over a given ensemble WY [ρ] of color charges. Therefore, any quantity of interest is obtained as the
following expectation value,
〈O[ρ]〉Y =
∫
[dρ]WY [ρ]O[ρ]∫
[dρ]WY [ρ]
, (1)
where Y = log(x0/x), with x0 ∼ 0.01, denotes the rapidity variable.
Quantum corrections for 〈O[ρ]〉Y due to the evolution in rapidity/energy are taken into account via the Wilsonian
renormalization group equation for WY [ρ] known as JIMWLK equation [3–12]. Solving such an evolution equation
is an initial value problem; it requires an initial distribution of color charges as input. For an infinitely large nucleus
made of uncorrelated color charges, it is possible to show that W0[ρ] is a Gaussian. This is known as the McLerran-
Venugopalan (MV) model [13], and it is widely employed in CGC calculations.
In reality, however, the number of color charges is finite and their distribution should deviate from a Normal one.
Such deviation should occur even in the absence of quantum corrections and also for large nuclei [14], as the finiteness
of color charges by itself introduce correlations. Therefore, the initial condition for the evolution equation is not
necessarily a Gaussian. This is further corroborated by the fact that a Gaussian distribution is not a solution of
the JIMWLK evolution equation [5], and the small-x evolution generates non-quadratic terms (in the color charge
ρ) even if one starts with a Gaussian distribution of color charges. Some non-Gaussian contributions were studied
within JMWLK evolution. Non-Gaussian contributions were found not to be important for two specific configurations
(“line” and “square” configurations) of the correlator of four Wilson lines in [15] (where a Gaussian initial condition
for the JIMWLK evolution has been employed). It was pointed out in [16] that the small-x evolution may introduce
non-Gaussian contributions in some observables such as the azimuthal anisotropies, vn.
Corrections to the MV model for SU(3) color group have already been calculated in the literature [17, 18] up to
the fourth-order in the color charges. The resulting non-Gaussian weight function has then been used to perform
perturbative calculations in the dilute regime [18–20], where the corrections to the MV model are assumed to be small.
The impact of a non-Gaussian weight function on observables has not been investigated in details yet, but it is expected
that it could lead to a better representation of the initial conditions for proton-proton and proton-nucleus collisions.
Moreover, such higher-order terms may contribute to experimental observables in different physical processes, such as
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2multi-particle correlations in nuclear collisions [18, 21], di-jets produced in proton-proton and proton-nucleus [22, 23]
and inclusive Deep Inelastic Scattering structure functions, FL and F2, which can be related to the forward scattering
amplitude of a quark-antiquark pair [24].
In this work, we present a first study of the effects of non-Gaussian corrections to the MV model on four-point
correlators of color charges in the fully non-perturbative regime. Our calculations will be done in lattice regularization
and carried out for Y = 0; therefore, they may be used as initial conditions for the renormalization group equations
to go beyond the Gaussian approximation in the CGC effective theory. We shall show below that the effect of the
first (even C-parity) non-Gaussian correction is universal: the correlator of four-color charges is reduced by a constant
amount independent of the average color charge that is used to characterize different nuclear systems and the coupling
constant used to specify the physical regime.
In the next section, we briefly present the Gaussian and non-Gaussian effective weight functions, which are used to
take an average over the color sources in the CGC approach. We then proceed to comment on known perturbative
results for a small non-Gaussian correction, and present new results in the fully non-perturbative regime where the
calculation includes all orders of 1/κ4 (see Eq. (3) for the definition of κ4).
II. WEIGHT FUNCTIONS FOR COLOR CHARGE AVERAGE
In the high density limit for color charge density and the absence of correlations between color charges at different
coordinates, the central limit theorem applies. Then, W [ρ] is given by the MV model [13]
WMV [ρx⊥ ] = exp
{
−
∫
d2x⊥
δab ρax⊥ρ
b
x⊥
2µ2
}
, (2)
where µ2 represents the average color charge squared per unit area per color degree of freedom and ρix⊥ ≡ ρi(x⊥)
is the color charge density at a given transverse coordinate x⊥. In this case, the two-point function of color charge
density is the only non-trivial correlator: any higher-order n-point function (n = 4, 6, 8...) can be factorized into a
product of n/2 two-point functions.
We shall consider deviations from a Gaussian weight due to finite number of color sources. Non-Gaussian corrections
to Eq. (2) for SU(Nc) color group, where Nc 6 3, have been calculated in the literature [17, 18] up to the forth-order
in the color charges:
W [ρx⊥ ] ' exp
{
−
∫
d2x⊥
[
δab ρax⊥ρ
b
x⊥
2µ¯2
− d
abc ρax⊥ρ
b
x⊥ρ
c
x⊥
κ3
+
δabδcd + δacδbd + δadδbc
κ4
ρax⊥ρ
b
x⊥ρ
c
x⊥ρ
d
x⊥
]}
= exp
{
−
∫
d2x⊥
[
ρax⊥ρ
a
x⊥
2µ¯2
− d
abc ρax⊥ρ
b
x⊥ρ
c
x⊥
κ3
+
3
κ4
ρax⊥ρ
a
x⊥ρ
b
x⊥ρ
b
x⊥
]}
, (3)
where δij is the Kronecker delta, dabc is the symmetric tensor in the SU(3) Lie algebra [17] and µ¯2 is the average color
charge squared. The couplings of this weight function are given by [18]:
µ¯2 ≡ g
2A
2piR2
, κ3 ≡ 3 g
3A2
(piR2)2
=
12µ¯4
g
, κ4 ≡ 18 g
4A3
(piR2)3
=
144µ¯6
g2
. (4)
In this paper, we also study the effects of the first non-Gaussian correction to the MV model in the SU(2) color
symmetry. The small-x action for this symmetry group is similar to Eq. (3) but with two important differences: i)
there is no cubic (“odderon”) term as the symbol dabc is always zero in SU(2), and ii) κ4 is given by
κ4 ≡ 6 g
4A3
(piR2)3
=
48µ¯6
g2
. (5)
This can be verified via the two different ways: by following the calculation in [17] but including higher-order contri-
butions in the Taylor expansion of Gk:s in their Eq. (19) and by writing the quartic Casimir in Eq. (12) of [18] for
SU(2).
In what follows, we only consider quartic term, leaving the study of cubic term in the future. While corrections (at
perturbative level) due to the inclusion of the cubic term are expected at order 1/κ23 for SU(3) [18], our results for
SU(2) are exact up to all orders in 1/κ4.
3III. (SEMI-)ANALYTICAL RESULTS FOR COLOR AVERAGE IN THE TRANSVERSE LATTICE
In this section, we briefly review analytical results from [18] for the correlator of two- and four-color charges in the
dilute regime where the quartic term in Eq. (3) is assumed to be small and can be treated perturbatively. Then we
present results for fully non-perturbative calculations. Otherwise stated, all expressions will be presented in lattice
regularization by approximating the two-dimensional transverse space by N2s lattice sites with lattice spacing a.
A. The dilute regime: quartic term as small perturbation
A perturbative expression for the correlator of two-color charges including the quartic correction to the MV model
is worked out in Ref. [18]. The parameter µ¯ in the non-Gaussian weight is fixed such that any quantity depending
only on the two-point function of color charges remains unchanged. Thus, the value of µ¯ should satisfy the equation1:
〈ρaxρby〉non-Gauss = 〈ρaxρby〉MV model =
δabδxy
a2
µ2 , (6)
where a2 represents the area of a lattice cell, x and y are discrete points in the transverse lattice, and δxy/a
2 is the
lattice counterpart of the Dirac’s delta, δ(x− y). If the quadratic term dominates over the quartic one, µ is given by2
µ2 ≡ µ¯2
(
1− 12 µ¯
4
κ4
(N2c + 1)
a2
)
. (7)
It is interesting to note that after writing κ4 in terms of µ¯, the difference of two average color charge squared should
be constant for a fixed coupling in the dilute regime:
µ¯2L − µ2L =
(N2c + 1)
ξ
g2 , (8)
where ξ = 4 (ξ = 12) for SU(2) (SU(3)) color symmetry and, following [25], µL ≡ aµ (µ¯L ≡ aµ¯) is the lattice
counterpart to the color charge µ (µ¯).
The correlator of four-color charges has a very specific structure in continuum notation,
〈ρaxρbyρcuρdv〉 = µ4
[
δabδcdδ(x− y)δ(u− v)
(
1− 24µ
4
κ4
δ(x− u)
)
+ δacδbdδ(x− u)δ(y − v)
(
1− 24µ
4
κ4
δ(x− y)
)
+ δadδbcδ(x− v)δ(y − u)
(
1− 24µ
4
κ4
δ(x− y)
)]
. (9)
The combination of (Dirac’s) delta functions is such that the non-Gaussian correction modifies the result from the
MV model only if the four-point function of color charges is a local quantity, that is, x = y = u = v. On the other
hand, in the configuration that each pair of color charges sit at different sites (i.e. x = y, u = v but x 6= u), the
four-point function factorizes into the product of two two-point functions, and the result is identical to the one in the
MV model.
In general, the effects of deforming the MV model by including a small quartic correction can be summarized as
follows: from Eq. (8) the renormalized color charge should be larger than the color charge figuring in the MV model,
with their difference increasing with the coupling. At the same time, the four-point function of color charges should
be smaller than it is in the Gaussian theory in the particular configuration that all color charges sit at the same
transverse coordinate.
It is worth noting that the results from the MV model are recovered if one considers the g → 0 limit at fixed µ¯.
From Eq. (4) such limit implies A/piR2 →∞, which is the condition that makes the Gaussian weight function to be
exact.
1 In order to avoid cluttered notation, from now on, x denotes a point in the transverse lattice, not the fraction of momentum carried by
produced gluons; moreover, we omit the ⊥ notation in the transverse coordinates.
2 The factor 12 in Eq. (7) is different from the factor 4 present in Eq. (20) of Ref. [18]. This is because the authors of Ref. [18] changed
the definition of the coefficient of the quartic term by a factor 1/3 (3/κ4 → 1/κ4) from Eq. (3).
4B. (Semi-)Analytical results for non-Gaussian weight function in the non-perturbative regime
For a weight function which only involves the product of square power of color charges, as in the case for SU(2)
and SU(3) without the cubic term, one can calculate the color average in Eq. (1) on a lattice by evaluating
〈O〉 =
∫
(
∏
x
∏
a dρ
a
x)O e−
∑
yWy∫
(
∏
x
∏
a dρ
a
x) e
−∑yWy =
∫
(
∏
a dρ
a
x)Ox e−Wx∫
(
∏
a dρ
a
x) e
−Wy =
∫
dr rN
2
c−2Or e−Wr∫
dr rN
2
c−2 e−Wr
. (10)
The second equality above is obtained by assuming that O is a local operator, this is in line with the observation
that the correlators of two- and four-color charges in the present cases are local. In such configuration, the functional
integral simply becomes an integral over the color charges at a single site. The rightmost result is then obtained
after using spherical coordinates in N2c − 1 dimensions which factor out any angular dependencies. In what follows,
we use Eq. (10) to take an average over the color sources in the correlators of two- and four-color charges from a
non-Gaussian weight function.
The correlator of two- and four-color charges in SU(2) and SU(3) from the Gaussian weight only differ by a constant,
multiplicative color factor, allowing one to write the results in a compact form. In the continuum limit, a → 0, the
same applies for a non-Gaussian weight function that includes the first C-even correction to the MV model. In what
follows, we present results for the correlators of two- and four-color charges for SU(Nc).
1. Multi-point correlators of color charges and the renormalization equation for µ¯ in SU(Nc)
The local nature of the correlation functions, which we deal with, makes the calculation of correlators of color
charges significantly easier in the non-perturbative regime, where the quartic term in Eq. (3) is not necessarily a small
perturbation. The correlator of two-color charges (Ox = ρaxρby) is given by
〈ρaxρby〉non-Gauss = δabδxy
√
γ
4
√
3 g
U
(
1
4
(
N2c + 1
)
, 12 ,
a2γµ¯2
48g2
)
U
(
1
4 (N
2
c − 1) , 12 , a
2γµ¯2
48g2
) µ¯3
a
, (11)
where we used κ4 = γµ¯
6/g2, with γ = 48 (144) for SU(2) (SU(3)) and
U(α, β, ω) =
1
Γ(α)
∫ ∞
0
e−ωt tα−1 (1 + t)α+β−1 dt (12)
denotes the Tricomi’s confluent hypergeometric function.
Eq. (6) is the condition to renormalize the average color charge in the non-Gaussian action such that the correlator
of two-color charges matches the one in the Gaussian theory. For SU(Nc), it is given by
√
γ
4
√
3 g
U
(
1
4
(
N2c + 1
)
, 12 ,
a2γµ¯2
48g2
)
U
(
1
4 (N
2
c − 1) , 12 , a
2γµ¯2
48g2
) µ¯3
a
=
µ2
a2
. (13)
By Taylor expanding the left-hand side around a = 0 and keeping only the first non-trivial order in the lattice
spacing, which is 1/a, one arrives at the equation:
√
γ
4
√
3 g
Γ
(
1
4
(
N2c + 1
))
Γ
(
1
4 (N
2
c + 3)
) µ¯3
a
=
µ2
a2
→ µ¯3 = 4
√
3 g√
γ
Γ
(
1
4
(
N2c + 3
))
Γ
(
1
4 (N
2
c + 1)
) µ2
a
, (14)
where Γ(z) denotes the gamma function. We see that the third power of renormalized color charge is proportional to
the square of the average color charge in the Gaussian ensemble.
Now we move to the calculation of the four-point function of color charges, 〈ρaxρbyρcuρdv〉. We start by analyzing the
result from the pure MV model. Calculating the color average in Eq. (10) with the Gaussian ensemble results in
〈ρaxρbyρcuρdv〉 = µ4
[
δabδcdδ(x− y)δ(u− v) + δacδbdδ(x− u)δ(y − v) + δadδbcδ(x− v)δ(y − u)
]
. (15)
This can be verified by taking the limit g → 0 (or, equivalently, κ4 →∞) in Eq. (9). We point out that the color factor
multiplying µ4 is dependent on the configuration in which one calculates this higher-order correlator. As discussed in
5the previous section, in the configuration that each pair of color charges sit at different sites (i.e. x = y, u = v but
x 6= u), we have a factorizable configuration. Each one of the two-point function contributes with a factor of N2c − 1
after contracting color indexes. The coefficient of the correlator of four-color charges then evaluates to
〈ρaxρaxρcuρcu〉 = 〈ρaxρax〉〈ρcuρcu〉 ∝ (N2c − 1)2 µ4 . (16)
On the other hand, setting x = y = u = v and using Eq. (10), one can show that the coefficient of the correlator
now evaluates to
〈ρaxρaxρcxρcx〉 ∝
[
3(N2c − 1) + 2
(N2c − 1)(N2c − 2)
2
]
µ4 = (N4c − 1)µ4 , (17)
having a different color factor.
The non-Gaussian correction changes the result for the non-factorizable configuration of the higher-order correlator.
Eq. (9) is the result of how the four-point function of color charges change in the regime where the non-Gaussian
correction is a small perturbation. Below we show it is possible to calculate the proportionality factor of the local
configuration 〈ρaxρbxρcxρdx〉 non-perturbatively to all orders in 1/κ4 in the a→ 0 limit.
We begin by setting x = y = u = v, so that we calculate Eq. (10) for the particular configuration Ox = ρaxρbxρcxρdx.
In principle, one must also take all possible color contractions into account, which would result in an overall factor of
δabδcd + δacδbd + δadδbc. As these contractions in color space will have the same coefficient (for the same fixed spatial
configuration), here we set a = b and c = d. In this case, the four-point function of color charges can also be expressed
in terms of the Tricomi’s confluent hypergeometric function:
〈ρaxρaxρcxρcx〉non-Gauss =
γ
48 g2
U
(
1
4
(
N2c + 3
)
, 12 ,
a2γµ¯2
48g2
)
U
(
1
4 (N
2
c − 1) , 12 , a
2γµ¯2
48g2
) µ¯6
a2
. (18)
By Taylor expanding it around a = 0, the leading order contribution in the lattice spacing for 〈ρaxρaxρcxρcx〉 in the
presence of the quartic term is
〈ρaxρaxρcxρcx〉non-Gauss ' (N4c − 1)
γ
48 g2
Γ
(
1
4
(
N2c + 1
))
Γ
(
1
4 (N
2
c + 5)
) µ¯6
a2
=
(N4c − 1) Γ
(
1
4
(
N2c + 3
))2
Γ
(
1
4 (N
2
c + 1)
)
Γ
(
1
4 (N
2
c + 5)
) µ4
a4
, (19)
where Eq. (14) has been used to obtain the rightmost result. The correlator of four-color charges in the non-Gaussian
theory follows the same structure as Eq. (9) in continuum notation:
〈ρaxρbyρcuρdv〉non-Gauss = µ4
{
δabδcdδ(x− y)δ(u− v) [1− CnG δ(x− u)] + δacδbdδ(x− u)δ(y − v) [1− CnG δ(x− y)]
+ δadδbcδ(x− v)δ(y − u) [1− CnG δ(x− y)]
}
, (20)
where the non-Gaussian correction reads
CnG = 48
Γ( 14 (N
2
c + 3))
2
Γ( 14 (N
2
c + 1))
2
[
1− Γ
(
1
4
(
N2c + 3
))2
Γ
(
1
4 (N
2
c + 1)
)
Γ
(
1
4 (N
2
c + 5)
)]µ4
κ4
. (21)
One can verify Eq. (21) by expressing κ4 by using µ:
κ4 =
γµ¯6
g2
= 48
Γ( 14 (N
2
c + 3))
2
Γ( 14 (N
2
c + 1))
2
µ4
a2
, (22)
where Eq. (14) is used. As in the MV model, the color factor multiplying µ4/a4 depends on the spatial configuration
in which the correlator is calculated:
〈ρaxρayρcuρcv〉non-Gauss ∝
(N
2
c − 1)2 , if x = y, u = v (u 6= x)
(N4c − 1)
Γ( 14 (N
2
c+3))
2
Γ( 14 (N2c+1))Γ(
1
4 (N
2
c+5))
, if x = y = u = v .
(23)
6The ratio of the correlator of four-color charges for the configuration of x = y = u = v in the non-Gaussian theory to
the Gaussian theory yields:
〈ρaxρaxρcxρcx〉non-Gauss
〈ρaxρaxρcxρcx〉MV
=
Γ
(
1
4
(
N2c + 3
))2
Γ
(
1
4 (N
2
c + 1)
)
Γ
(
1
4 (N
2
c + 5)
) . (24)
This shows that, in the a → 0 limit, the ratio of correlators of color charge depends only on the number of colors
Nc. Since such ratio is independent of the coupling and the average color charge, we expect that the non-Gaussian
correction exist not only for small system but also for large ones with the same magnitude. For SU(2) and SU(3),
Eq. (24) evaluates to
〈ρaxρaxρcxρcx〉non-Gauss
〈ρaxρaxρcxρcx〉MV
=
{
0.822504, for SU(2)
0.905415, for SU(3) ,
(25)
so the correlator of four-color charges should decrease by ∼ 18% (∼ 10%) in the non-Gaussian theory compared to
the Gaussian theory for SU(2) (SU(3)). Finally, we note that the non-Gaussian correction disappears in the large Nc
limit:
lim
Nc→∞
〈ρaxρayρcxρcv〉non-Gauss
〈ρaxρayρcxρcv〉MV
= lim
Nc→∞
Γ
(
1
4
(
N2c + 3
))2
Γ
(
1
4 (N
2
c + 1)
)
Γ
(
1
4 (N
2
c + 5)
) = 1 . (26)
IV. RESULTS AND DISCUSSION
In this section, we present non-perturbative results for the renormalized color charge and for the correlator of four-
color charges by solving the renormalization equation numerically for µ¯L (Eq. (6)) both for SU(2) and SU(3) color
symmetry groups. We investigate the coupling constant as well as lattice spacing dependence.
In order to compare our result with existing perturbative ones, we assume a constant average color charge within the
nuclear system and invoke the infinite nucleus approximation. We note that the infinite nucleus approximation does
not imply an infinite number of color charges in lattice calculations. Therefore, one can still study deviations from a
Gaussian ensemble even in this simplified scenario. Later we comment on the effect of relaxing these approximations.
Choosing the lattice size (in physical units) to be L = 11.5 fm, which corresponds to the radius R = 6.5 fm of a
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FIG. 1: Lattice spacing dependence of the difference of the color charge squared in the non-Gaussian and the Gaussian weight
function for a system with L = 11.5 fm, µ = 3 GeV and g = 1. The line represents the perturbative result from Eq. (8).
gold nucleus by the relation L2 = piR2, and using µ = 3 GeV in the MV model, Fig. 1 presents the result of the
difference a2µ¯2 − a2µ2 ≡ µ¯2L − µ2L for g = 1 as a function of µL for SU(3). As µ¯ 6= µ, results from the Gaussian and
non-Gaussian ensembles would fall in different bins in the horizontal axis, and a comparison between them would only
7be possible after extrapolating the results to the continuum limit. This is circumvented by using the correlator of
two-color charges to form dimensionless quantities: a4〈ρ2〉 = a2µ2 = µ2L. This is equivalent to assuming the average
color charge from the MV model as a momentum scale in the horizontal axis for all figures. We note that results for
SU(2) for this quantity are very similar to the SU(3) results. As µ is kept fixed, the µL dependence is obtained by
solving Eq. (6) for decreasing values of the lattice spacing, which are obtained by successively increasing the number
of sites of the lattice by a factor of two while keeping its volume fixed (L2 = N2s a
2 = constant) at each step. For
instance, the rightmost point is the result for a lattice with Ns = 2, the next one is the result for a lattice with
Ns = 2
2 and so on, with the last point shown in the figure corresponding to a lattice with Ns = 2
20. One sees that
the non-perturbative result agrees with the perturbative one from Eq. (9) [18] (represented by the horizontal line)
in a quite limited range of µL before start showing increasing deviations from it. For the current setup, the initial
distribution of color charges starts deviating from the MV model at µL ≈ 2, which corresponds to a lattice with
Ns = 2
6.
Fig. 2 shows the µL dependence on the difference µ¯
2
L − µ2L for different values of g. As expected, the range of
agreement between the non-perturbative and the perturbative results depends on the value of the coupling constant.
One can see an indication of when the quartic correction cannot be treated as small perturbation anymore in different
regimes: for g = 0.1 deviations are found at µL . 0.3, which corresponds to a transverse lattice with Ns > 29 (for
the current value of L and µ); on the other hand, in the case of g = 2, non-perturbative effects in the non-Gaussian
corrections become increasingly important, as the agreement with the perturbative result breaks down already for
lattice with Ns > 25. In general, the larger the value of g, the larger the value of µL (i.e. “grainier” lattices for fixed
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FIG. 2: Lattice spacing dependence of the difference of color charge squared in the non-Gaussian and the Gaussian weight
function for a system with L = 11.5 fm, µ = 3 GeV, and different values of the coupling constant g. The lines represent the
perturbative result from Eq. (8).
color charge or larger color charge for a lattice with fixed number of sites Ns) where the quartic correction starts
dominating over the quadratic term, and increasing deviations from the perturbative result start occurring. From
Fig. 2, we deduce that the deviations from the perturbative result are seen at µL . 2g.
As the infinite nucleus approximation throws away any detailed information about the geometry of all physical
systems, one should expect exact scale invariance. This means that the only difference between a hadron and a heavy
nucleus should be the size of the lattice in physical units, so both are related by a simple scaling factor. Consequently,
once the coupling g is fixed, results for different systems should all fall under the same curve, with all physics being
controlled by the dimensionless quantity µL. To show that this is the case, we compare in Fig. 3 the results (open
symbols) for a system with L = 1 fm
√
pi ≈ 1.77 fm, with µ = 0.35 GeV (which loosely corresponds to a proton), with
the results for L = 11.5 fm which are showed in Fig. 2. As in the previous figures, the first (from right to left) open
point corresponds to the result by solving Eq. (6) in a lattice with Ns = 2. Smaller values of µL are then obtained by
solving Eq. (6) after successively increasing the number of sites on the lattice by a factor two but keeping its volume
(L2 = N2s a
2) constant. As expected, one clearly sees that the results for both systems fall under the same curve,
showing the scaling invariance. One crucial difference, though, is that the results for the smaller system already show
deviations from the perturbative result for a lattice with Ns = 2 for values of g ≥ 0.5, and Ns = 8 for g = 0.1. On
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FIG. 3: Lattice spacing dependence of the difference of squared color charges figuring in the non-Gaussian and the Gaussian
weight function. The filled symbols are the result for a system with L = 11.5 fm and µ = 3 GeV (as shown in Fig. 2), while
open symbols are the results for a system with L ≈ 1.77 fm and µ = 0.35 GeV.
the other hand, for large systems, one needs to consider a lattice size with Ns > 27 to start seeing deviations from
the perturbative result for g > 0.5. Namely, the quartic correction starts dominating over the quadratic term faster
for smaller systems for fixed number of lattice sites.
We found that the non-perturbative calculation agrees with the perturbative one for µL  g, and the transition
from a Gaussian to a non-Gaussian distribution is smooth. Moreover, the results shown in Fig. 1 – Fig. 3 indicate that
the weight function starts deviating from a Gaussian after including the quartic correction at µL ≈ g, and deviations
keep increasing for µL < g.
Let us look at how far away the non-Gaussian distribution is from a Gaussian distribution. Fig. 4 shows the weight
function from the MV model (full line) and from the respective non-Gaussian ensemble (dashed line) for a system
with L ≈ 1.77 fm and µ = 0.35 GeV in a lattice with Ns = 128 for different values of g for SU(3). We note that
the distributions for SU(2) have the same features and will not be shown. As can be seen, there is a clear difference
between the distributions from both ensembles. The dashed-dotted line represents a Gaussian distribution with the
standard deviation µ¯. As expected from previous results, the deviation from a Gaussian distribution increases with
the value of g for a fixed µL: for the weight function with larger values of g, the quartic term dominates, and the
resulting distribution cannot be approximated by a Gaussian distribution anymore. The deviation from a Gaussian
to a non-Gaussian distribution of color charges can be seen as well by keeping g and µ fixed but increasing the lattice
size in order to go to the continuum limit, a→ 0.
We now turn to calculate higher-order correlators of color charges. Fig. 5 shows the result for the ratio of the
correlator of four-color charges in the non-Gaussian ensemble to the Gaussian ensemble as a function of µL for
different values of the coupling. This figure shows the same features discussed in the previous ones: i) for µL  g
there is no deviation from the Gaussian theory, and the ratio is one; ii) for µL . g there is a smooth transition from
a Gaussian dominated distribution (where the perturbative calculation – denoted by the solid lines – applies) to a
distribution which is more and more dominated by the quartic term, the resulting effect is the gradual reduction of
the higher-order correlator of color charges; iii) such transition shows a hierarchy with the coupling constant, the
agreement with the perturbative result breaks first for larger values of g at fixed µL (so the result from the MV model
is recovered at g → 0, as in the perturbative calculation); iv) once the distribution of color charges is dominated by
the non-Gaussian term, the ratio converges to the continuum limit value shown in Eq. (25) for SU(2) and SU(3) for
all values of the coupling and µL.
Finally, we comment on the expectations after relaxing the approximations considered in our calculation. In this
paper, we worked under the assumption of an infinitely thin nucleus. In the case where a system has a x− structure
composed by Nη slices, the correlator of two-color charges becomes [26] (in continuum notation in the transverse
plane)
〈ρak(x)ρbl (y)〉 = δabδklδ(x− y)
µ2
Nη
, (27)
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FIG. 4: Weight function from a Gaussian (solid line) and non-Gaussian (dashed line) ensembles for a system with L ≈ 1.77 fm
and µ = 0.35 GeV and different values of the coupling in SU(3). The dashed-dotted line is a Gaussian distribution with the
standard deviation equal to µ¯.
where k, l = 1, ..., Nη. The renormalization equation for determining the average color charge in the non-Gaussian
ensemble is solved to match Eq. (27). The overall result for higher-order correlators of color charge would be a faster
convergence to the continuum limit value due to a reduction of factor 1/Nη in the local Gaussian distribution.
In a more realistic model where the color charge has spatial dependence, A/piR2 in Eq. (4) needs to be replaced
by a thickness function. As the center of a nucleus is expected to have a larger color charge density (larger µL for a
fixed lattice spacing) than that in the peripheral region, one needs to keep increasing the lattice size until all points
of the transverse grid converged to the continuum limit.
V. CONCLUSIONS
In this work, we studied the non-perturbative effects of the first (even C-parity) non-Gaussian correction to the
Gaussian theory of the CGC in SU(2) and SU(3) color symmetry groups. We showed that the effects of the quartic
term to the four-point function of color charges are to reduce it by ∼ 10% (∼ 18%) in SU(3) (SU(2)). Remarkably,
such reduction is universal: it holds true for any values of the coupling and average color charge. In other words,
this universal scaling is expected for any physical system from proton-proton, proton-nucleus, and nucleus-nucleus
collisions.
The calculations shown here represent the first practical step towards making non-Gaussian initial conditions to
the JIMWLK evolution equations. In addition, we showed that the initial distribution of color charges indeed moves
away from a Gaussian once higher-order terms are included in the weight function. Thus, the quartic term affects
the multiplicity distribution in all collision systems. That would change the fluctuations of the energy (or gluon)
density in the initial condition for hydrodynamic simulations. In particular, fluctuations of the initial energy density
are important to determine spatial eccentricities [27], which in turn can be related to flow harmonics and angular
correlations in hydrodynamic simulations [28–35]. Such changes also apply to early time fluctuations of axial charge
density in the glasma phase, which are given in terms of the divergence of the Chern-Simons current [36, 37].
Furthermore, as shown in [19], the inclusion of a quartic term in the weight function generates a correction to
the correlator of two Wilson lines, 〈V (x)V †(y)〉, where V (x) denotes a Wilson line. For this reason, such an initial
conditions may be used to study whether or not there exist differences between the JIMWLK evolution with and
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FIG. 5: The ratio of the correlator of four-color charges in the non-Gaussian to the Gaussian ensemble as a function of µL for
(top) SU(2) and (bottom) SU(3) color symmetry group. The solid lines represent the perturbative result while the dashed one
is the result of Eq. (25) for SU(2) and SU(3), respectively. The inset plots extend our results up to µL ∼ 10−8, showing that
indeed the results converged to the continuum limit.
without assuming the Gaussian approximation, where all higher n-point function of Wilson lines can be related to
〈V (x)V †(y)〉 [38].
Lastly, we also discussed the extensions of our calculations. In particular, it is expected that a longitudinal structure
for the colliding systems will help to accelerate the convergence of lattice results to the continuum limit for higher-order
correlators of color charges.
The calculations in this paper can be extended to study the non-Gaussian effects on the two-particle correlation
function, C2(p, q) in the double inclusive gluon production [39] and the dipole operator, D(r) ∝ 〈V (x)V †(y)〉, com-
plementing the results in the dilute regime from [19]. In particular, it has been shown [18] that at perturbative level
the quartic term generates an additional contribution of order Nc to C2(p, q) on top of the contribution from the
Gaussian term, which is of order (N2c − 1)−1. A non-perturbative calculation is needed to access how the effects of
additional contributions from a non-Gaussian statistics change the result from the MV model to all orders of 1/κ4.
Works in these directions are ongoing.
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